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We show that in a two-dimensional cr-model whose fields only depend on one target 
space co-ordinate, the 0{d,d) invariance of the conformal invariance conditions observed 
at one loop is preserved at two loops (in the general case with torsion) and at three loops 
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1. Introduction 

Duality invariance tias proved to be an immensely fruitful concept in string theory. 
A particular aspect of duality which has been valuable in string cosmology (for a recent 
comprehensive review of this subject, with an extensive list of references, see Ref. |^) is 
the concept of 0{d, d) invariance. This is displayed in the case where the fields depend 
only on time in an arbitrary number of dimensions (time and d spatial dimensions). It was 
discovered some time ago[H that the lowest order string effective action (in the simplest 
case with only the metric, dilaton and antisymmetric tensor field) then exhibits continuous, 
global 0{d,d) invariance. (This is also reminiscent of the 0{d,d) invariance previously 
observed in the context of string compactifications0.) The 0{d, d) invariance of the string 
action was later found to persist in the presence of matter or gauge fields [Q. Now the 
conformal invariance conditions for the fields are related to the field equations of the string 
action, and so, at least at lowest order, the 0{d, d) invariance can be used to transform 
between different conformal backgrounds. Duality invariance in general can be understood 
as a consequence of an isometry in an underlying theory[H; and the 0{d, d) invariance can 
be viewed as the result of gauging d abelian isometries|j|]. In Refs. and [0 it was argued 
that the 0{d, d) invariance should be maintained to all orders. In Ref. the two-loop 
string action was considered in the context of fields depending only on time, and it was 
shown that after a suitable field redefinition it could be written in an explicitly 0{d, d) 
invariant form. However, it was pointed out in Refs. ^ (in the context of T duality) that 
the invariance of the action does not manifestly guarantee that the conformal invariance 
conditions transform appropriately. Therefore it seems to us that it is necessary to check 
explicitly the transformation properties of the conformal invariance conditions in order to 
complete the proof that 0{d,d) invariance is preserved. At one loop this has been done 
in Ref. 0. The main purpose of this paper is to verify the invariance at two loops (with 
torsion) and at three loops (without torsion). We shall find various subtleties which do 
not arise in checking the invariance of the action. 

2. The one- loop case 

The two-dimensional non-linear cr-model is defined by the action 

Jd'^x [^g^.d^x^d'^x^ + e'^f'h^^d^x^dpx^ - 2a' ^R^''^] , (2-1) 
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where ot is the usual string couphng, which we shaU henceforth set to 1 for convenience, g^i_^ 
is the metric, h^j^y is the antisymmetric tensor field and is the dilaton. 7q,^ is the metric 
on the two-dimensional worldsheet, 7 = det7Q/3, e"^ is the two-dimensional alternating 
symbol and i?*-^-* is the worldsheet Ricci scalar. Conformal invariance for the cr-model 
requires the vanishing of the three functions ]t and which are defined by[|TO 

=(^lu + H%ydp<t> + H%ySp, (2.2) 

Here (5^ and are the renormalisation group /3-functions for the cr-model, and H^^p is 
the field strength for 6^1,, defined by -ff^j^p = 3V[^6,^p]. The vector 5"^ arises in the process 
of defining the trace of the energy-momentum tensor as a finite composite operator, and 
can be computed perturbatively. At one loop we have 

_ \ tt tt pa 

/??;^=-^V''ifp,., (2.3) 

where = H^xpH'^^P , and = 0. The conformal invariance conditions can be derived 
at this order from the string effective action 

r(i) = j dx'^+'V^e-^^ {R - ^H^ + 4(50)2} . (2.4) 



To be more precise, we have 



5rw 



5(j) 



m\ (2-5) 



where 



/3^ = 2^<^-i^^'^^^,. (2.6) 

To consider 0{d, d) duality, we specialise to a metric with signature ( — , -!-,+,...,+) and 
we consider a a-model where the fields depend only on the first co-ordinate t. We can then 
bring g and h to the block-diagonal form 

^ G{t) r 1 B{t) I ■ ^ ' 



(For the discussion of 0{d, d) invariance at one loop, one can take 5^00 = but at higher 
loops we need to consider a general goo at intermediate stages, returning to goo = —1 at 
the end of the computation. In fact, we shall only retain a general goo at points where it 
will leave an imprint even after setting ^fQO = — 1-for instance, where it is acted upon by a 
^ .) It was shown in Ref. that the one- loop action may then be written as 



dgoo ' 



r(i) = -J dte-^gj ($2 + iTVfMryMr;]) , (2.^ 



where 

$ = 20- ilndetC, (2.9) 
ry is the metric for the 0{d, d) group in non-diagonal form given by 

ri={^' J^V (2.10) 



M=[ Sn-i n T^^io )• (2-11) 



and 

^"^^^^BG-^ G-BG-^B 
The 0{d, d) group is represented by matrices O such that 

n-qO^ = 77; (2.12) 



the action in Eq. ( |2.8| ) is invariant under the action of the 0{d, d) group with 

M^M' = O^MO, ^700-^ ^00- (2.13) 

The matrix M has two important properties: M is symmetric, and M G 0{d, d). 

As we mentioned earlier, the invariance of the action does not manifestly guarantee 
that the conformal invariance conditions transform appropriately. In the 0{d^ d) case, even 
at one loop, where the conformal invariance conditions are simply related to the action 
by Eq. ( |2.5| ), it does not seem immediately obvious how the correct properties for the /3 
follow from the invariance of the action; and at higher loops, where the relation of the 
/3-functions to the action is more complicated, it is still less clear. Therefore in this paper 
we shall explicitly check the transformation properties of the /^-functions. 

As in the case of the action, the /5-functions are most conveniently discussed in terms 
of the matrix M. Defining 13^ = fi-^M, we have from Eq. ( |2.11| ) 

M_( -G-'^GQ-i G-'iP'^G-'B-pB) \ 



We then define 

-G-i^^G-i G-^^'^G-^B-^^) \ (2-15) 

iP^ - G-^p^)G-^ (3° - (3^G-^B + BG-^/3^G-^B - BG'^p^ J ' 

where we assume (as will always be the case in the present calculation) that Si = and 
So = S. 

We start with the one-loop /3-functions. As mentioned before, these have already 
been demonstrated to have the correct properties, but we shall repeat the check in order to 
demonstrate our formalism in operation. Upon specialising the general results in Eqs. ( |2.2| ) , 
( p73|) to the forms for g^^, and b^^, given in Eq. (|2.7|) , we find that the /9-functions for G 
and B are given at one loop by 



^^^(1) =^-gOO^Q^x - WW - WW -^W~ k°%oVr), 



:2.16) 



where 



W = G-^G, W = G-^B, X = G-^G, X = G-^B. (2.17) 



As mentioned earlier, to demonstrate the invariance at two and three loops, we need to 
retain a general ^'oo for the moment, though we shall set goo = — 1 at the end of the 
calculation. Substituting Eq. ( |2.16| ) in Eq. ( |2.15| ), we find that we can write 



/3^W = ^(M + MrjMrjM -^M). (2.18) 

(Expressions for M and M are given in the Appendix.) The 0{d, d) invariance for f3^ and 
(3j^ is then manifest, for clearly when M and $ transform according to Eq. (|2.13|) , (3^^^') 
transforms according to 

^ pM^^f^ _ n'^p^{M)n. (2.19) 

Now if Eq. ( pJ9| ) is satisfied, then since from Eqs. ( pJ3D , ( |2J5| ), we also have (5^' {M') = 
n^^^^(M)0, we deduce that (3^ (M) = /3^^'(M), i.e. is form-invariant under the 
0{d,d) transformation. A solution of the conformal invariance conditions with (3^ {M) = 
automatically satisfies {M') = 0; but now we also have [3^ {M') = 0, i.e. the 
transformed M' is a solution of the same conformal invariance conditions as M. Eq. ( |2.19| ) 
will be our touchstone for 0{d, d) invariance at two and three loops as well. 
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We also find 



(2.20) 



and 



^^(1) = 2^'^ - = i-g'^n^ - - y^'goo^). (2.21) 



We note here that the trace of an even number of products of Mr] and its derivatives is 
manifestly invariant under Eq. ( |2.13|) while the trace of an odd number of such products 
is zero, and therefore /^qo^'* and are 0{d, c?) -invariant. 

3. The two-loop case 

In this section we shall show that Eq. ( |2.19| ) continues to hold, and that /?oo^'* a-nd 
/3'^^^^ are 0((i, d) -invariant, at two loops. At this order, however, we find that to make the 
invariance manifest we need to make field redefinitions, as has already been found in the 
case of the two-loop action in Ref. [§ . 

The two-loop /3-functions are given by ||ll|| 



=iR^^^^R^-p- + l-^V^H^p^V^H'^'"' + 1(1- 2A) V^H^p^V^H^P'' 

I 1 TT TT \p TTK, TT TCr i _\_ TT TT TT Kp TTtXu 

~r j^g -n ft^p-TZ (J 11 ^-j-iiu ~r -^(^ii p,K\iiupaiiT ii i 

- i(A - 1)V, [H^^PHxpp) H,"'' + lXV^H^,^H\pH^^P, 
= _ IR^^^^R-^P- - ^ (1 -f 6/i) V.Hxp.V'^H^P^ 

+ 1(5 + 12]i)R^xp.Hr^''H^^P _ ( 1 + A + 3/i) H^p^HxP'' H'^''^ H 

5 TT JJK, TT Act TTUjpT 

192 '^^P (ttIIlo 11 



with 



5-, 



^(A + 3;t/)V^(ifp..if'"^"). 



(3.2) 



Here, A and // represent the effects of field redefinitions of the form 




54> = -\iiHp^rHP''\ 



(3.3) 
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With g^^ and fe^^, as given by Eq. (|2.7|) , we find, using identities given in the Appendix, 

+ 4(1 - 2\)X{WW + WW) - 8(1 - 2A)X2 - 4(3 - 2A)XW^2 
-^{l-\)WXW + A{l-\)WW'^W + AW^ (3.4) 
- (1 - 2A)(tr[Ty2pF2 + tr[VF2]W^2) + trfVF^jVT^ + tr[W^2]-[y2 



(3.5) 



- 2Atr[Vr^]X - 2\iT[W^W]W + 2(A + 3/x)aotr(VF^)VF| + transpose, 

^B{2) =1 |2XX - W'^X - X{WW + W^VF) + 2\WW^ 

+ (1 - 2A) + 2(1 - \)WXW - 2(1 - X)WWW^ 
+ ^tr[W^]WW - i(l - 2X)tr[W^]WW - lXtY[W^]X 
- lXtv[WW'^]W + i(A + 3fj.)dotT{W^)W^ - transpose, 

=iTr[-X2 + XVP^2 _ 1^4 ^ _ ^^-^2 x)(^xwW + XWW) 

+ (1 - A)M^T^VFW^ - W^W^ + (3 - A)XT^2 _ ^g g^ 

-(A + 3^)52(W^2^], 

/3*(2) =^Tr[M77M77Mr7Mr/] - ^ (^Tr [MryMry])^ 

- i(A + 3/i)Tr[X2 + 2XW^ + WWWW - X{WW + WW) 

. . . , . . .... (3.7) 

- W'^W^ -W^ + itrfVr^] (tT[W'^] - tT[W'^] \ - tx[XW - W'^W]^ 

- \X (^tr[T4^2]^ ^ tr[Ty2-^^]$) . 

The 0((i, d) invariance is not immediately manifest at two loops; for instance, J^f^Q^ and 
/?*(2) cannot be written in terms of the traces of products of an even number of Mr] and 
its derivatives. However, we may take advantage of the possibility of redefining the fields 
by 

{Gr)ij =Gij + 5Gij^ {Br)ij = Bij + 5Bij {gr)00 = 900 + '^fi'OO, 

with Mr, (5^- and defined as in Eqs. ( CT) , ( |2Jl| ) and ( gJ5|) , but with G replaced 
by Gr, etc. Of course, in order to maintain the global 0{d,d) symmetry, the variations 
in Eq. (|3.8| ) should only depend on t. Note that here again we have included a general 
goo- The idea that duality invariance might require corrections at higher orders was put 



forward in Ref. |12], and an early example in the current context for a particular string 
background was given in Ref. [0. The two-loop corrections required for T-duality of 
the general string effective action were obtained in Ref. |T^, and the invariance of the 
/3-functions was discussed in the torsion- free case in Refs. , . 

The changes in Eq. ( |3.8| ) induce corresponding modifications in the /3-functions ac- 
cording to 



2' 



(3.9) 



where 



dGki 

i<5f?°°[$ + itr[VF]$] - l5gQo^ + ^ (^SS + , 

AP"" = p''^{Gr,Br,{gr)oo) - P''''{G,B,goo), (3.10) 



and similarly for A/3^ , ^/^oo- Note that we could restore ^'oo = — 1 by making a co-ordinate 
redefinition; such a diffeomorphism leaves the ^-functions unaltered ||10|| [1T6[| , and the overall 
changes in the functions would therefore remain as given by Eq. (|3.9|) . We should also 
mention at this point that we could alternatively (and equivalently) keep the fields Gij, 



Bij, $ and S fixed, and instead change the duality transformations Eq. ( |2.13|) . However, 
the approach we have adopted is more convenient calculationally. 
Taking in Eq. O 



6G =l{-g^^)G[W^ - (1 - 2X)W% Sgoo = -lXtr[W% 

SB =l{-g^^)G{WW + WW), <5$ = -i(A + 3^)(-^°°)tr[T^2]^ (3.11) 
SS =^X{~g^'^){2tv[XW - 2W^W] + tr[-W^2]tr[T^]), 



we find 

(5^G(2) _ 1 j^_^2 ^ _ 2X)X^ + 2XW^ + 2XXWW 

+ (1 - X)[2WXW + 2XW^ - 2XWW - 2W^W^ + 2WWWW 

+ WW^W] + {X-2)WW'^W -W^^ (3.12) 

+ ^({1- 2X){tY[W^]W^ +tY[W^]W^) -tv[W^]W^ -tr[W^]W^ 

+ 2Xtv[W^]X + 2Xtv[W^W]W^ + transpose, 

gpB{2) _ 1 (^_xx + XW^ + XWW + (1 - X)[-XW^ 
+ W^W + W'^WW - WXW] - W^W^ 

'^tv[W^]WW + i(l - 2A)tr[iy2]p^vr + lXtv[W^]X 



(3.13) 



+ iAtr[VrW^2]Vr 



(3.14) 



transpose, 

= i^j.^2XW^ - 2W^ - 2(1 - X)XW'^ - 2(1 + X)X{WW + WW) 
+ AW'^W'^ + (1 + 2X)WWWW -W^ + 2XX\ 

(5^"^(2) ^ _ 1 (A + 3;u) {ti[-2XW'^ + W'^W'^ + W^ + X{WW + WW) 

- WWWW - + ^tr[XW - W^W] + itr[T^2 _ VF^jtriVF^]") (3.15) 
+ \X Ur[W^]^ + tr[iy2^]$' 



Combining Eqs. (i3)-(i3) ^itfi Eqs. (FT2D- (|3J5D , substituting in Eq. (|2J5D , and 



(3.16) 



using the results in the Appendix, we now find that we have up to this order 

^0^5 = ($ + iTr[M,77M,r]] - ^g^^'goo^) 

+ lTt[MrVMrV] - ^Tr [MrVMrVMrrjMrrj], 
=(-r)(|^-i^^-ir^oo^) 

+ ^Tr [M.ryM.ryM^TyM^Ty] - ^ (lYiM.ryM.ry]) ^ 

The 0((i, d) invariance is now manifest; as at one loop, when Mj. and $ transform according 
to Eq. ( CT ), transforms according to Eq. (|]T|), and /^J^"^ and p"^- are invariant. 



The calculation of Ref. Q uses the action corresponding to a scheme with X = fi = 0; 
this action was singled out in Ref. il^ as being the unique ghost-free two-loop string 



effective action in the presence of torsion, and in the present context appears to lead to 
the most economical demonstration of invariance, although its use is not mandatory. In this 
scheme, although there is no need to redefine goo, it is certainly still necessary to include 
a general goo at intermediate stages of the calculation for the /3-functions (due to the 
term in Eqs. (|3.9|) ), whereas the invariance of the action can be shown with goo = — 1 
throughout. This is a confirmation that the invariance of the /3-f unctions is not simply 
a consequence of the invariance of the action. Note that the parts of the redefinitions in 
Eq. ( |3.11|) involving A and fj, are essentially undoing those in Eq. (|3.3|) . Nevertheless, it is a 
valuable exercise to perform the calculation for general A and n because it gives a foretaste 
of the kinds of field redefinition we shall be obliged to use in the three-loop case. 

4. The three-loop case 

In this section, we shall show the 0{d, d) invariance of the /3-functions for fields only 
depending on t at three loops in the absence of torsion. At three loops, the /3-functions 
for a general theory are given by[]T^ 



3 p TDpnXr per 

and[p 



(4.1) 



with[0 

Sf^ = [B^x,^B^^P^) . (4.3) 

Specialising to g^^, as in Eq. ( |2.7| ), we find, with the help of various identities given in the 
Appendix, 

/3G(3) ^^|_y2 j^x^ - 2WX^W - XW^X + 2YXW + 2YWX - 2YW^ 
- WXWX + 2WXW^ 

+ {tv[XW'^] - |tr[X2] - |tr[VF^] - l{tr[W^]f)W^ 

+ |tr[X2 - XW'^ + \W^]X + tY[W'^] {XW"^ -\W^- fX^) (4.4) 
+ ^{tv[XW - W^]){W^ - 2XW) 

31 



+ I i^-tr[XW]tr[W^] + tr[W^] - 4tr[XY] + 2tr[YW'^] + ^tr[W^]tr[W' 
+ Utr[X^W] - 13tr[XVr3]) Vf} + transpose. 
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Pl^^^^i =_^tr[-18X3 + 4XZ - 2ZW^ + + 13YW^ - UY{XW + WX) 
+ 46X^W^ + UXWXW - 39XW^ + 6W^] 

(4.5) 

+ ^tr[W'^]tr[4YW - 22XW'^ + 4X'^ + 13W^] 
+ ^tv[XW - W^]tv[3XW - 2W% 

/3*(3) =-Ltr[2r2 + 2X^ - 4Y{XW + WX) + 4YW^ + 3XWXW - 2XW^ 

- ^W^] + j^tv[2YW^ - 4XY + UX'^W - \3XW'^ + W^\^ 

+ i|8tr[4X2 - 4XW'^ + - ^\,x{4XW'^ - 3W'^\\x\W'^\ (4.6) 

+ ^ (Strfl^Y - 7tr[XW^]tr[VF^] + 4\,x{XWf) 

- ^\,x\2XW - hW^\\x\W'^\^. 

Once again, the 0((i, (i)-invariance is far from manifest, and we are obliged to resort to 
field redefinitions. Using redefinitions as in Eqs. (A.11)-(A.14), we find variations of the 
/3- functions as in Eqs. (A.15)-(A.18). Taking the particular values of the coefficients as 
given in Eq. (A. 19), we find, on combining Eqs. (A.15)-(A.18) with 
Eqs. ([4.4|)-(^^), and substituting in Eq. ( |2.15| ), that we can write 

- ^ (^MrVMrVMrTlMrVMr + MrVMr'qMr'qMr'qMr^ 
+ ^Mrr]Mr'nMr'nMr'nMr - ^MrV^rVMrVMrVMr 

+ ^ (^MrrjMrVMrVMrVMr + MrVMrr]Mrr]Mrr^Mr'qMrr]M^ 
+ -^lilMrrjMrrj] (M^ryM^r^M^ + MrVMrVMrVMrTjAIr) 

(4.7) 

+ ^ (tr[M^^^r]MrV + MrVMrVMrVMrTj] 

+ ltr[MrVMrVf^ [Mr + MrVMrVMr] 

+ ^(ti[16M^^'^r]Mrrj - 61 Mr r]MrVMrVMrV] 

- 4tY[MrVMrV]^Y[MrrjMrr]]^Mr 

+ transpose, 
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/o3(3) 
A^OO 



(4i 



^(3) ^ _ 29 
256 



(4.9) 



+ 



256 



In these equations Mr is defined by Eq. but with 5 = 0. Once again, the 0{d,d) 

invariance is now manifest; when M and $ transform according to Eq. ( 2.13 ), P^^^ trans- 
forms according to Eq. ( 2.19 ), and Pqq""^ and are invariant. We have tried to choose the 
field redefinitions in order to minimise the number of terms which appear here-clearly with 
only partial success. However, we should stress that it is very non-trivial and apparently 
miraculous that an 0{d, (i)-invariant form could be found at all, since there are many more 
constraints than there are free parameters. 



5. Conclusions 

In this paper we have shown explicitly that the conformal invariance conditions are 
form-invariant under 0{d, d) transformations up to two loops for the general case with 
torsion. In principle, it should be possible to compare our results with the two-loop results 
of Ref. which were established for a specific background. We have also demonstrated 
the 0{d, d) invariance up to three loops in the torsion-free case. We should mention, 
however, that we expect at three loops that in the presence of torsion, assuming that 
0{d, d) invariance is still preserved, the various /3-functions will still adopt the form of 
Eqs. ( [1.7|) - (|4.9[) , but with now including B as in Eq. ( |2.11J ). The three-loop /3-function 



in the presence of torsion has been calculated |^^, but evidently the inclusion of torsion 
in the present computation would be prohibitively complex. Finally, it is interesting that 
we found it essential to keep 5^00 as a variable during the calculation, even though we set 
goo = — 1 at the end of the calculation. It is not clear how this is accounted for in the 
argument for all-orders 0(d, d) invariance presented in Ref. 0, where the gauge goo = —1 
was chosen from the outset. Presumably one could in fact demonstrate 0{d, c?) -invariance 
with a general t-independent goo, without setting ^foo = — 1 at the end, though this would 
be somewhat tedious. 
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Appendix A. 



(A.l) 



In this appendix we list various identities which were useful in our calculations. Firstly 
here are the results we used to express the two-loop /3-functions in terms of W, W etc. in 
the two loop case: 

R^^.upR^' =i[2^' - XW^ - W^X],^ + |tr[iy2]^2^ 
ViH^p^VjH^^-^ = - ltr[W^]Wij + l{WW^W)ij, 
V^Hi^pV^^Hj^P = - ltT[W^]W^j - |tr[T^2|^g + ^{W^W^ + W^W"^ 
- WWWW - WW WW - WW^W + 2XWW 
+ 2XWW + 2WWX + 2WWX - 4X^)ij, 
R^ij.H^a^H'^''^ =ltr[W^]{-2Xij + W^j) + ^{WW^W)ij - ^tr[W^W]Wij, 
R^upiH^^^H^'P'' =i(-2X#2 + w'^W - WWWW)ij, 

i^M-paiyz'^^i?/" ={wxw - ^ww^w)^j, 

H^^pH^^PH^rHf'^ ^2Wf^+ir[W^]W^^, 



i?«/37iV^i/j"^ =\{2W'^X + 2XWW + 2XWW - AXX 
- W^WW + WWW^ - tY[W^]WW)^j, 
Va{Hif3^H/^)Hs"'^ ={2WW^ - W^WW + WWW^ - 2XW\j, 
Voc{Hp^^H^Si)Hj^°' ={2XW'^ + 2WXW - WW^ - 2WWW^ - ^tT[W^]WW)ij, 
VaHi.pH'^paH^P'' ^ltv[W^]{WW + WW - 2X),j 

+ (WW^ + W^W - ir[WW'^]W)iy 

Rot.vpRo'"'' = - |tr[4X2 - 4XW^ + W% 
VoH^.^pVoH^^'P =3V^,HoupV''Ho''P = 3tT[X^ - X{WW + WW) 

+ ^{WWWW + w^w% 
R^OuH^p^H'^P'' =2i?^po^o<.^^"^" = tT[XW^ - \W^W\ 
R^upaHo^PHo"'' = - ltT[WWWW], 
H^.pH^-PH^^HQ-^'^ =2Ho^.Hop,Hrt'PH-'"' = -2tT[W% 



(A.2) 



(A.3) 



13 



Next, here are the identities we used to write (3^ in terms of M at two loops: 

-WG-^ WP-W 
G{W-PW)G-^ G{W + PWP-WP-PW) 

AG-^ -AP + B 

G{PA + B'^)G-^ G{X - B'^P + PB + PAP) 



M = 



M 



(A.4) 



where 



B = 2WW -X. 



(A.5) 
(A.6) 



P = G~^B, A = 2W'^-X, 
Tr [MryMry] =tr[W^ - W^] 

Ti[Mr]Mr]Mr]Mri\ =Tr[W^^ + W^ - AW'^W^ + 2W^W^W^W^] 
Now here are the identities for writing the three-loop ^-functions in terms of PF, etc: 
VpRia^xVPRj'"'^ = - iy2 ^ \{YXW + XWY + YWX + WXY) 

- \{YW^ + W^Y) - \XW'^X - IWX'^W 

+ ^{W^X^ + X^W^) - lixwxw + WXWX) 
+ ^{WXW^ + w^xw) - Iw'^xw'^ + Iw^ 

- ^{ir[W'^]W^ + tr["PF2]^4) _ |tr[W^2|^2 _ itr[x2]-pF2 

+ lir[XW'^]W'^ + \ir[W\XW'^ + W'^X) - ^ir[W^]W^ 

+ \ir[W%XW + WX) + |tr[XW^]W^3 _ lir[XW]{XW + WX), 

ViRp^^x^jEp""^^ =\wx'^w - \{yv'^xw + WXW^) - ^w^xw^ + \w^ 

- |(tr[W^^]W^ + tr[W^^]W^2) - itr[X2]W^2 ^ \ir\xw'^\W'^ 

- \ix\W'^\W'^ + \\,x{XW\W'^, 
RiparRiKxRP'''"' = -\x^^ ^XW'^X + ^{X'^W + W'^X'') 

- ^WXWX + XWXW) - ^W^XW^ + ^(WXW^ + W^XW) 
+ ^W^ - j^tY[W'^]W^ - ^tY[W^]W'^ + ^{tv[W^]fW^ 
+ My[XW]{WX + XW) + ^tv[W^]W^ 



- ^tT[XW]W^ - ^tT[W\XW +WX), 
=\ (tr[X2] - ir[XW^] + \ir[W^]) {\W^ - X) + ^ir[W^]W' 

+ \{ii[XW^] - ir[X'^W] - \ir[W'^]ir[W^])W 
+ \WX'^W - ^{W^XW + WXW^), 
ViV,-(i?^^p^i?^'^^'^) = - |(4tr[XF] - %ir[X''W] - 2ir[YW''] + nr[XW^] 

- tr[W^] + tr[XW^]tr[TF^] - trfW^^ltrf^F^]) 



(A.7) 
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VpRoanX^^Ro'"^^ =|tr[y2] + tT[XWXW] + |tr[Vr^] - tr[yXl^] - trfyW^X] 

+ tr[yW^] + ltY[X^W'^] - ltv[XW^] + ^tY[W^]tv[W^] 

+ ltY[W'^]tY[X^] + jQ{tl[W^]f - ^tT[W^]tl[XW] 

- ^tT[W^]tT[XW^], 

VoRpaKxVoR^'"^^ =tr[y2] - 2tT[YXW] - 2tT[YWX] + 2tT[YW^] 

+ 2tT[XWXW] + ^tY[X^W^] - 3tY[XW^] + ltY[W^] 

+ ltY[X^]tY[W'^] - ^tY[XW^]tY[W^] + ltY[W^]tY[W^] 

+ ^{tY[W^-XW]f, 
RoparRonX R"^""" =^ir[AX^ - 6X^W^ + 2XWXW + XW^] 

- ^ {{tY[W^]f - 4tY[XW]tY[W^] + 4{tY[XW]f} , 

R0nX0R'''''^R\ar =ztY[X^] ' ltr[X^W^] + ltY[XW^] 

+ ^tY[W^]tY[XW^] - ^tY[W'^]tY[W^], 

'^o^o{R^^.paR'"'^ =|(4tr[XZ] +4tr[y2] _ UtY[YWX] - UtY[YXW] 

- 8tY[X^] + 30tY[X^W^] + 15tY[XWXW] - 2tY[ZW'^] 
+ 13tY[YW^] - 33tY[XW^] + 5tY[W^] + tY[YW]tY[W^] 

+ tY[X^]tY[W^] + 2(tY[XW]f - 5tY[XW^]tY[W^] 

- 4tY[XW]tY[W^] + 3tY[W^]tY[W^] + 2{tY[W^]fy 
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The following are the identities needed to write in terms of M at three loops (here 
M is defined by Eq. ( |mD , but with B = 0): 

{Y - 3WX - 3XW + 6W^)XW 



Mr]Mr]M 
Mr]Mr]Mr]Mr]M 
Mr)MrjMrjMr]M 
MrjMrjMrjMrjM 
Mr]MrjM'qMr]M 
Mr)Mr]MrjMr]M 
Mr]Mr]MrjMrjMr]M 











Y{-X + 2W^)W 

{¥ - 3WX - 3XW + 6W^)W^ 
YW^ 

X^ -2X^W^ -2W^X^ + 4:W'^XW'^ 

-X^ + 2XW^X 

X^W^ 

X^W^ - 2XW^ 

( XWXW -2W^XW -2XW^ + AW^ 

XWXW 

XW'^X - 2W^X 

XW'^X - 2XW^ 

WX'^W - 2WXW^ 

WX'^W - 2W^XW 

-XW^ + 2W^ 
XW^ 









(A.9) 



(A.IO) 



ir[M^^'^r]Mri\ =2tr[-ZX + 2WYX + 2WXY + + W'^ Z 

- 12W^X^ - 6XWXW + 12W^X] 

tr[M^^^r]M^^^ri] =2tr[-y2 + 3WXY + 3XWY - 6W^Y] 

tr[M^^^riMr]Mr]Mr]] =2tY[YW^ - 3XW^ + 3W^] 

tr[Mr]Mr]MriMr]] =2tr[X^W^ - 2XW^] 

tr[Mr]Mr]Mr]Mr]] =2tr[XWXW - 2XW^ + 2W^] 

tY[Mr]Mr]Mr]Mr]Mr]Mr]] = - 2tr[iy^] 

tr[M^^'^riMr]] =2tr[-YW + 3XW^ - 3W^] 

Finally, the following is the general form of field redefinition we need to consider in Eq. ( p.8| ) 
up to three loops: 



SG =l{-g^^)W^ + aiX^ + a2{XW^ + W'^X) + a^WXW + a^W^ 
+ [(3MW'^) + (32tr{XW)]W + tr{W^){-fiW^ + 72X) 
+ g^'^iXiiXW + WX) + X2W^), 



(A.ll) 
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<^^oo =(-^°°) [eMW^) + e2tT{XW^) + estviX^)] + goo ^e2tT{W^) 
+ e3ti:{XW)\ , 

= Kitr[W^^]+«2tr[XW^2]+K3tr[X2] + K4(tr[W^2])2+^oo(/iitr[XW^] + /X2tr[W^3])^ (^^3) 
{SS)o -5itr[W^] + 62tv[XW^] + S3tY[X^W] + 54tr[Xr] 

+ S^tvlYW^] + S6tT[W^]tT[W^] + S7tT[XW]tT[W^] (A.14) 

+ I [eitr(W^4) + €2tT{XW'^) + e3tr(X2)] tr(W^). 
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These redefinitions lead using Eq. (|3.9|) to changes in the /3-functions given by 
+ (itti - a2)YWX 

+ - as)WYX + {2a2 - ^)YW'' + {a^ - ^)WYW^ 

- (ai + a2 + ^a3)X^ + {ai + fag - 04 - l)X^W^ 

+ (a2 + ^as - a4 - + i(3ai + 602 - 2^4 - jq)XW'^X 

- i(ai - 2a2 + 2a3 + 2a4 + ^)WX^W - («i + 02 - 804 - D^VT^ 



- i(2a2 - as - 4a4 - DM^XV^^ + (^2 - 03 + 04 + 



i(2a2 + as + 6a4 + - itr[W^2]^aiX2 + {2a2 - je)XW^ 



+ («3 - jq)WXW + («4 + + transpose 

3pitY{-X'^W + 2XW^ - W^) 



+ 



+ p2tr{-XY + YW^ -W^^ + XW^' 



+ 



W 



{6[ + ei)tr(W^5) + ((5^ - ei + |e2)tr(XW^3) 
+ {S's - |e2 + ^esMX^W) + {6'^ - ^esMXY) 
+ (^5 - le2)tr{YW^) + 6Qtr{W^)tr{W^) + SjtY{XW)tr{W'^) 
+ [3pitr{XW^ - W^) + P2tr{YW + X^ - 2XW^)] {W^ - X) 
+ i [eitr(Vr^) + e2tr[XT^2] ^ e3tr{X^)] {W^ - X) 

- i [pitY{W^) + (32tr{XW)] tY{W^)W 

+ tr{-X^ + 2XW^ - W'^){-fiW^ + 72X) 

- ^tv[4X^ - 4XW^ + W^]W'^ 

- tr{XW - W^) \2^i{XW + WX - 2W^) 

+ 72(2r - WX - XW) - 

- (71 + 72)tr(W^2)(j^2 _ ^^2 _ ^ ^4^) 

+ itr[y - ^XW + 2W^] \{ai + 2\i){XW + WX) 

+ (2a2 + as + 2A2)M^^ + {(32 + -i2)tAW'^]W 
+ itr[XW^ - VF2][Ai(XW^ + WX) + A2Vr3] 
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(A.15) 



where 



5p 



5(3) 
00 



5[=5i- 2ki, 5'^ = + 2ki - |re2, 

^3 = S3 + K2- Ks, (54 = ^4 + K3, 
^5 — ^5 + 1^2, —^6 — 2^4, S''j- = 5r + 2/?4. 

= |tr|(-ai + 2a2 + 2^3 - 85^ + 85'^ - 8e2 + 10e3 - ^)X^W^' 



(A.16) 



+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 



-ai + 2a2 - 4(^2 + 4(^3 -^2 + 2e3 - ^)XWXW 

2a2 + 03 - 4(^2 + 12^5 + 4ei - 2e2 - l)YW^ 

ai - id's + 4(^4 - 4(^5 + 62 - 2e3 + 1){YXW + XYW) 

-6a2 - Sas + ^ol^ - 205^ + 16^2 - 12ei + 10€2 - 4€3 + ^)XW^ 

-4a4 + 205[ + Sei - 2e2 - + (-45^ + €2) 

-45^ + 2e3)^X + {-45's - 663 + ^)X^ - 4S'^Y^ 



(A.17) 



I3i + 271 



3/3i + 271 - 125Q)tT[XW'^ - W^]tT[W'^] 
(32 + 272 - S5'^ - e3)tT[XW][XW - W^] 

/32 - 4Sj)tY[YW + X^- 2XW^]tY[W^] + 72tr[y - Xiy2]tr[W^2| 
^ti{W^) [eitr{W^) + e2tr[XW^] + e3tr{X^)j }. 



<5;g*(3) =tr[-(K2 + 2k3)X^ - KsY^ + (k3 - K2){YXW + YWX) 

+ 2k2YW^ + {k2 - 2ki)XWXW - (4rei - 2^2 - Sks)^^^^^ 

- {k2 + 2k3 - 12rei + ^)XW'^ - {<6ki + K2 - ^)W^] 

- \ir[W'']ir([ni + + [^^2 - + K3X2) 

- 2^4 (tr[X^ - 2XW'^ + T^^]tr[;^^] + 2(tr[XW^ - W^]f + {ir[W'^]f) 

+ ^ [(5; + ei)ir{W^) + (5^ - ei + |e2)tr(XPF3) 

+ (<^3 - ¥2 + ie3)tr(X2w) + (5^ - \e^)ii{XY) 
+ (<^5 - \e2)ir{YW'') + (^^tr(W^3)^j,(^2) 

+ (57tr(XW^)tr(W^2)] + \ii[Y - ZXW + 2W^^]tr[2(K3 - ^jii)XW 
+ (k2 - 2ii2)W^] - \ii[XW - W^]ii[^iXW + H2W^] 



(A.18) 



eitr(Vt^^) + e2ir{XW'^) + e3tr(X2) 
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In order to demonstrate 0{d, d) invariance, we find that we need to take 



Si 



_3_ 
16' 



OLl — ig, 
1 



16' 



1 

128 ' 



Q;2 22 ' ^3 
/?1 = -|, ^2 = |, 11 = ^, 72 = 

Ai = -|q;i, ^2 = -{ot2-\- \otz), 

53 = -^, 



— 32 5 
1 



= -'«2 = 



^1—64' 
1 



64' 
(^6 = 

3 



- -M' 



7 

256' 



64' 



32 ' 



'4=32' "5 
^7 

£3 = - £2 = x^, 

= "lis' ^1 ~ '^3 



At2 = 2'*2- 



(A.19) 
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